We show that the isolated invariant branches globalize to algebraic curves, when we consider weak toric type complex hyperbolic foliations on projective toric ambient surfaces. To do it, we pass through a characterization of weak toric type foliations in terms of "non-degeneracy" conditions, associated to Newton polygons. We also give a description of the relationship between invariant algebraic curves and isolated invariant branches, valid for the case of toric type, by means of the following dichotomy. Either there is a rational first integral and there are no isolated invariant branches or we have only finitely many global invariant curves, all of them extending isolated invariant branches.
Introduction
The aim of this paper is to describe local-global features for the invariant curves of weak toric type complex hyperbolic foliations on projective toric ambient surfaces. The main result we present is stated as follows:
Theorem 5. The isolated invariant branches of a complex hyperbolic weak toric type foliation on a projective toric surface extend to projective algebraic curves.
A foliation is of toric type when it has a combinatorial desingularization. This definition was introduced by M.I.T. Camacho and F.Cano in [2] . Analogously, a foliation is of weak toric type when it has a combinatorial desingularization, but just up to presimple points. We call complex hyperbolic to the foliations without saddlenodes after reduction of singularities (they are also called "generalized curves"). An invariant branch is isolated if it always falls into a non-dicritical component of the exceptional divisor after any reduction of singularities. This concept was suggested in [4] by C. Camacho, A. Lins Neto and P. Sad.
We characterize weak toric type foliations in terms of Newton polygons and "initial forms". To do it, we introduce the concept of Newton non-degenerate foliation, following the classical ideas of A.G. Kouchnirenko and M. Oka for varieties, that can be found in [9, 10] . We prove the equivalence result below: Theorem 3: A complex hyperbolic foliated surface is Newton non-degenerate if and only if it is of weak toric type.
A foliated surface is the data of a foliation F on a complex surface M and a normal crossings divisor E ⊂ M . Most of the definitions and properties we present in this paper concern to the pair (F , E) and not only to the foliation F .
Let us recall that a nonsingular projective toric surface is naturally endowed with a normal crossings divisor given by the union of the non-dense orbits of the torus action. Moreover, these surfaces can be obtained by blowing-ups and blowing-downs from the projective plane P 2 C with the "standard" toric structure, that gives the divisor X 0 X 1 X 2 = 0. Most of the properties we are going to consider are stable under equivariant (combinatorial) blowing-ups and blowing-downs. This allow us to prove many of the results by looking just to the projective plane.
In order to describe Newton non-degenerate foliations on the projective plane, we use in an essential way the following property: "The number of roots of a Laurent polynomial system in general position is the mixed volume of the associated polyhedra". This result was proved by D.N. Bernstein, A.G. Khovanskii and A.G. Kouchnirenko in [1, 8] . Applying it, we show that the homogeneous polygon ∆ h (F ) of a Newton non-degenerate foliation F is a single vertex or a segment. In this way, we describe a set of projective algebraic curves such In this way, we obtain the proof of Theorem 5.
Concerning the existence of isolated invariant branches in the weak toric type case, we see in Lemma 12 that we effectively find at least one for each λ in the above families. In case b), we just blow-up the common point of all the lines ℓ λ . Each of the transformed lines cuts the new divisor at two points p λ and q λ and we prove that the "eigenvalues ratios" of the singularities of the foliation at these points are opposite each to the other, hence one of them is a simple point and we find an isolated invariant branch through it. In case c), we find a similar property after reduction of singularities of the cuspidal family C λ = (Xd
−ã 1
Xã 2 − λXd 0 = 0). When we have the strongest property that the foliation is of toric type, we obtain the following result:
Theorem 6: We have the next dichotomy for a toric type foliation on a projective toric surface: I) There is rational first integral and there are no isolated invariant branches.
II) There is no rational first integral and every proper invariant branch extending to a projective algebraic curve is an isolated invariant branch.
An invariant branch is proper when it is based at a point of the divisor but is not contained in it.
From the results of this paper, we know that there is always global invariant curve for a toric type foliation on a projective toric surface. This does not hold for general complex hyperbolic foliations on the projective plane. Indeed, Jouanolou's classical example (see [7] ) given by the differential form has no algebraic invariant curves, but it has seven singularities and two isolated invariant branches at each.
Jouanolou's example is classically used to construct germs of codimension one foliations in dimension three without invariant surface. In a forthcoming paper, we apply these results to prove the existence of invariant surface for germs of toric type codimension one foliations in dimension three. A normal crossings divisor E of M is the union of a finite family {E i } i∈I of connected closed nonsingular holomorphic curves such that, for each point p ∈ |M | we have E ⊂ (x 1 x 2 = 0), where (x 1 , x 2 ) is a local coordinate system. Note that the E i are the irreducible components of E. We denote by e p (E) the number of irreducible components of E through p ∈ |M |, we have that e p (E) ∈ {0, 1, 2}. We say that E is a strong normal crossings divisor if either E i ∩ E j is empty or it is a single point, for every i, j.
Given a point p ∈ |M |, a curve branch (Γ, p) is defined by an equation f = 0, where f ∈ O M,p is irreducible. We say that (Γ, p) is an invariant branch of F if ω ∧ df = f α, where α is a germ of holomorphic 2-form and ω is a generator of F at p. We know that there is an only invariant branch (Γ, p) through p, when p ∈ Sing(F ).
Consider an irreducible curve Y of M and a point p ∈ Y . If (Γ, p) ⊂ (Y, p) is an invariant branch, then every branch (Υ, q) ⊂ (Y, q) is also invariant, for each q ∈ Y . In this case, we say that Y is an invariant curve of F . The non-invariant irreducible components of E are also called dicritical components. We write the index set as I = I inv ∪ I dic , where I inv corresponds to the invariant components and I dic corresponds to the dicritical ones. We also denote
We say that F and E have normal crossings at p / ∈ Sing(F ) if E ∪ Γ is a local normal crossings divisor, where (Γ, p) is the only invariant branch of F through p. The adapted singular locus Sing(F , E) is defined by Sing(F , E) = Sing(F ) ∪ {p / ∈ Sing(F ); F and E have no normal crossings at p}.
We have that Sing(F , E) is a set of isolated points and Sing(F , E) ⊃ Sing(F ). Remark 1. If |M | is a compact set or a germ around a compact set, then Sing(F , E) is finite.
We say that a coordinate system (
, that we write in adapted local coordinates as
where the coefficients a i have no common factors. We define the adapted multiplicity ν p (F , E) to be the minimum ν p (a 1 , a 2 ) of the orders ν p (a 1 ) and ν p (a 2 ) at p of the coefficients. Denote by Fol(M, E) the set of E-foliations on M and by Fol(M ) the set of foliations. Observe that Fol(M, ∅) = Fol(M ). There is a bijection between Fol(M ) and Fol(M, E) given by F → L F , determined by the relation ω = x ε1 1 · · · x εe e η, where the exponents ε i are defined by
A local generator η of L F is also called a local generator of F adapted to E.
Definition 1.
An ambient surface is a pair M = (M, E), where M is a nonsingular complex analytic surface M and E is a strong normal crossings divisor. A foliated surface (M, F ) is the data of an ambient surface and a foliation F on M .
Given an open subset U ⊂ |M | such that E ∩ U has only finitely many irreducible components, the restriction M| U is a well-defined ambient surface. In this case, the restriction (M, F )| U is also a foliated surface. Given a point p ∈ |M |, we define the germ (M, F ) p of (M, F ) at p in the natural way.
Presimple and simple points under blowing-ups
Let us consider a foliated surface (M, F ) and a point p ∈ |M |. A germ ξ of holomorphic vector field is tangent to F if ω(ξ) = 0, where ω is a local generator of F (the sheaf of tangent germs of vector fields also defines the foliation). Notice that ξ(p) = 0 when p ∈ Sing(F ) and, in this case, we have a well-defined linear part L ξ .
Definition 2.
We say that p is a presimple point for (M, F ) if p / ∈ Sing(F , E) or we have that p ∈ Sing(F ), e p (E) ≥ 1, e p (E dic ) = 0 and there is a germ ξ of vector field tangent to F such that L ξ is non-nilpotent. We say that p is simple if it is presimple and the eigenvalues of L ξ have not positive rational ratio, when p ∈ Sing(F ). A saddle-node is a simple singularity where the linear part of every tangent germ of vector field has a zero eigenvalue.
Remark 2. For a simple singularity that is not a saddle-node, the ratios α and 1/α of the eigenvalues correspond to the Camacho-Sad indices with respect to the invariant branches (see [3] ).
We distinguish two types of presimple points: trace and corner type points. More precisely:
If p /
∈ Sing(F ), we say that it is of trace type if e p (E inv ) = 0 and that it is of corner type if e p (E inv ) = 1.
2. If p ∈ Sing(F ), we say that it is of trace type if e p (E) = 1 and that it is of corner type if e p (E) = 2.
Remark 3. Given a presimple singularity, there are no dicritical components through it. If p is a simple nonsingular point, we have that e p (E dic ) ∈ {0, 1}. Hence, a point p with e p (E dic ) = 2 cannot be a presimple point.
Definition 3.
A foliated surface (M, F ) is desingularized (respectively, pre-desingularized) if it has only simple points (respectively, presimple points).
Consider the blowing-up π :
and F ′ is the transform of F by π. We write for short
We summarize now the main properties of the behaviour of simple and presimple points under blowing-up (for more details, see [5] .) Let us assume that the center p of π is a presimple point for (M, F ). We have that all q ∈ D are presimple points for (M ′ , F ′ ), where D = π −1 (p) is the exceptional divisor. More specifically:
1. If p / ∈ Sing(F ), then D is invariant and there is only one point p
Moreover p ′ is a simple singularity (it represents the tangent at p of the only invariant branch of F at p). 
If p is a simple singularity for (M, F ), then D is invariant and there are exactly two points
p ′ 1 , p ′ 2 ∈ Sing(F ′ ) ∩ D.
Reduction of singularities
We say that a morphism π :
is a desingularized (respectively, pre-desingularized) foliated surface. The reduction of singularities π is called minimal if, for any other reduction of singularitiesπ :
is the composition of a finite sequence of blowing-ups (up to isomorphism). Note that π is minimal if and only if all the centers p i are non-simple points. In the same way, we define and characterize minimal pre-reduction of singularities.
Remark 5. Following the above definitions, there is no reduction of singularities for foliated surfaces with infinitely many non-simple points.
The following result is consequence of Seidenberg's Theorem [11] and the statements in [5] . Theorem 1. Let (M, F ) a foliated surface. We have that:
1. There is a reduction of singularities of (M, F ) if and only if the set of non-simple points is finite. In this case, there is a minimal reduction of singularities.
2. There is a pre-reduction of singularities of (M, F ) if and only if the set of non-presimple points is finite. In this case, there is a minimal pre-reduction of singularities.
Remark 6. Assume that (M, F ) has reduction of singularities and let π and σ be, respectively, the minimal reduction and pre-reduction of singularities. If
is the composition of a finite sequence of blowing-ups centered at presimple but non-simple points.
We are interested in foliated surfaces without saddle-nodes after reduction of singularities. In other contexts they correspond to the so-called "generalized curves" (see [4] ).
A foliated surface (M, F ) is complex hyperbolic (for short, CH) if there is a reduction of singularities
. Note the following properties: 
Combinatorial blowing-ups
The concept of toric type foliated surface has been introduced in [2] . Let (M, F ) be a foliated surface and let us consider the blowing-up π : Recall that the divisor E has finitely many irreducible components. Thus, there are only finitely many points with e p (E) = 2. As a consequence, the foliated surface (M, F ) is of toric type if and only if the property holds at every point p ∈ |M |. We have the same comment for the weak toric type property.
Remark 8. If p is a corner type presimple singularity of (M, F ), we have that (M, F ) is of toric type at p, in view of the behaviour of presimple singularities described in Subsection 2.2. Even more, all the singularities appearing after the minimal reduction of singularities of the germ (M, F ) p are corner type simple points.
Isolated invariant branches
The concept of isolated invariant branch is useful for choosing finitely many representative invariant branches, in case dicritical components arise after reduction of singularities. We give the precise definition below.
Definition 5.
Consider an invariant branch (Γ, p) of a foliated surface (M, F ). We say that (Γ, p) is isolated for (M, F ) if the following properties hold:
is the strict transform of (Γ, p) by π.
Remark 9. Note that p ∈ Sing(F , E), just by taking π the identity. Besides, it is enough to consider blowingups centered at the infinitely near points of (Γ, p).
The property of being isolated is stable under blowing-ups. In the following statement we show that it is also stable by combinatorial blowing-downs.
Proposition 1. Let us consider a combinatorial blowing-up
Proof. Suppose that p is the center of the blowing-up, otherwise we are done.
Since p is a regular point, we get that (Γ, p) is the only invariant branch through p. Moreover, we have that e p (E) = 2 and that F , E have normal crossings at p. Then (Γ, p) is contained in E and this is a contradiction.
The following assertions give a description of the isolated invariant branches at presimple points.
Lemma 2. Consider a foliated surface (M, F ) and π
be an isolated branch of (M, F ) and let (Γ ′ , p ′ ) be the strict transform of (Γ, p) by π. We have that p ′ is a trace type simple singularity.
Proof. By definition, we know that
If p ′ is of corner type, the only invariant branches through it are contained in E ′ . Then p ′ is a trace type simple singularity.
Lemma 3.
Let p ∈ Sing(F ) be a presimple singularity of a foliated surface (M, F ). If p is of corner type, there are no isolated invariant branches through it. If p is of trace type, there is at most one isolated invariant branch through it; when it exists, it is nonsingular, transversal to the divisor and any other nonsingular invariant branch is tangent to the divisor.
Proof. Assume first that p is of corner type and let us find a contradiction with the existence of an isolated invariant branch (Γ, p). By Remark 8, we know that the minimal reduction of singularities of the germ (M, F ) p produces only singularities that are of corner type. In view of Lemma 2, the strict transform of (Γ, p) passes through a trace type simple singularity and this is not possible. Assume now that p is a trace type presimple singularity. Recall that e p (E) = e p (E inv ) = 1. Suppose that there is an isolated branch (Γ, p). Consider the blowing-up π :
is an isolated invariant branch, we obtain that p ′ is not a corner type point, hence it is a trace type presimple singularity of
The above arguments show that (Γ, p) is nonsingular and transversal to E. Indeed, this is a direct consequence of the fact that the infinitely near points of (Γ, p) are never over the strict transform of the precedent exceptional divisor.
Let us prove that any other nonsingular invariant branch is tangent to E.
′ ; in this case, the situation repeats at p ′ , we conclude that (Γ 1 , p) and (Γ, p) have the same infinitely near points and thus they coincide. Since (Γ 1 , p) is transversal to E, we have that p
Then, the only trace type singularity
is the only isolated invariant branch. We know that any isolated invariant branch must be nonsingular and transversal to E, then it is necessarily (Γ, p). Corollary 1. Let (Γ, p) be a smooth invariant branch transversal to E through a trace type presimple singularity. If there is an isolated branch for (M, F ) through p, it is necessarily (Γ, p).
Remark 10. If p is a trace type non saddle-node simple singularity, there is exactly one isolated invariant branch through p. When it is a saddle-node, it is possible to have a formal non-convergent invariant branch, that is also isolated (in the formal sense). Remark 11. Consider a foliated surface (M, F ) and a point p ∈ Sing(F , E). If there are only finitely many invariant branches through p (equivalently, there are no dicritical components created after reduction of singularities over p), then each invariant branch (Γ, p) ⊂ (E, p) is isolated.
Pairs of Laurent Polynomials in General Position
We recall a result about the number of solution of a Laurent polynomials system looking at the mixed area of the convex polytopes associated to it (see [1, 9] ). In Section 5, we apply it in our study of Newton nondegenerate foliations in projective toric ambient surfaces.
A convex polytope ∆ ⊂ R 2 is the convex hull of a finite set of points of R 2 . We denote the area of ∆ by 
The support-restriction
We call weight vectors to the elements of the set W = {(p, q) ∈ Z × Z >0 ; pZ + qZ = Z} ∪ {(1, 0)}. Note that, there is a bijection W → Q ∪ {∞}, given by (p, q) → −p/q (assuming −1/0 = ∞). We say that a Laurent polynomial F = 0 is quasi-homogeneous with weight vector (p, q) if there is an r ∈ Z such that
. The integer r is called the quasi-homogeneous degree of F . In this case, there is a decomposition
Conversely, such a decomposition provides a quasi-homogeneous Laurent polynomial. Moreover, we can see that F is quasi-homogeneous with weight vector (p, q) and degree r if and only if ∆(F ) is a segment contained in the line of equation pi + qj = r. In particular, a single monomial is quasi-homogeneous for any weight vector.
The following definitions can be found in [1, 9] . 
Otherwise, we say that (F 1 , F 2 ) is degenerate.
Definition 7. A pair of arbitrary Laurent polynomials (f
Remark 13. Consider two Laurent polynomials
We have the following properties:
1. The Laurent polynomial F is quasi-homogeneous if and only if u c F is quasi-homogeneous. Moreover, both have the same weight vector.
2. The Laurent polynomial F (u 1 , u 2 ) is quasi-homogeneous with weight vector (p, q) if and only F (u a , u b ) is quasi-homogeneous with weight vector (up to sign) (pb 2 − qa 2 , qa 1 − pb 1 ).
The pair (F (u
Remark 14. If the pair (F 1 , F 2 ) is non-degenerate and both F 1 , F 2 have the same quasi-homogeneous degree, 
Weak Toric Type Foliated Surfaces
We give an algebraic characterization in terms of "weighted initial forms" of the weak toric type complex hyperbolic foliated surfaces. More precisely, we introduce the concept of Newton non-degenerate foliated surface, following the classical ideas for curves and functions (see [10] ). We proof that they are exactly the weak toric type foliated surfaces in the CH-context.
Newton non-degenerate foliated surfaces
The Newton polygon N (f ;
where Supp(f ) = {(i, j) ∈ Z 2 ; f ij = 0}. The topological boundary of N (f ; x 1 , x 2 ) is a union of two noncompact sides and finitely many compact sides (consisting of more than one point) with negative rational slopes. The endpoints of the sides are called vertices.
Let us consider an ambient surface M = (M, E) and a point p ∈ |M | with e p (E) = 2. Take a logarithmic one-form η ∈ Ω 1 M,p (log E), that we write in adapted local coordinates (x 1 , x 2 ) as
Remark 16. In order to get uniqueness in the definition of the Newton polygon of a foliated surface, we consider total orderings ≺ in the set of irreducible components of the divisor. Now, we consider a foliated surface (M, F ), a total ordering ≺ in the set of irreducible components of E and a point p ∈ |M | with e p (E) = 2.
where
Proof. Just note that there are units u,
In view of Lemma 4 we define the Newton polygon 
• 
Non-degenerate foliations and combinatorial blowing-ups
We present here several results about the stability of being Newton non-degenerate under combinatorial blowing-ups and blowing-downs.
Let us consider a CH-foliated surface (M, F ), a point p ∈ |M | with e p (E) = 2 and a total ordering ≺ in the set of irreducible components of (F , E) = ν p (a 1 , a 2 ) . We write
where the A i are homogeneous polynomials of degree d. Note that (A 1 , A 2 ) = (0, 0).
Let us perform the blowing-up π : 
Lemma 6.
If π is non-dicritical, then the non-presimple points q ∈ T are given by
The non-presimple points q ∈ T are given by x Suppose now that N ≺ p (M, F ) has a compact side with slope −1. Assume first that all the points q ∈ T are presimple. The blowing-up π is non-dicritical by Remark 20, then Lemma 6 implies that (A 1 + A 2 , A 2 ) is non-degenerate and by Remark 14, this is equivalent to say that (A 1 , A 2 ) is non-degenerate. Conversely, if (A 1 , A 2 ) is non-degenerate, then A 1 = −A 2 and the blowing-up is non-dicritical. Moreover (A 1 + A 2 , A 2 ) is non-degenerate, as a consequence, all the points q ∈ T are presimple. 
We introduce the notation
N = N ≺ p (M, F ), N 0 = N ≺ ′ q0 (M ′ , F ′ ), N ∞ = N ≺ ′ q∞ (M ′ , F ′ ). Let S +
Proof. Suppose that L ∈ S
+ p , the proof is analogous when 
Proposition 2. Consider a CH-foliated surface (M, F ). Let π : (M
′ , F ′ ) → (M, F )
be a combinatorial blowing-up centered at a point p ∈ |M |. We have that (M, F ) is Newton non-degenerate at p if and only if
(M ′ , F ′ ) is Newton non-degenerate at each point q ∈ π −1 (p).
Corollary 4. Consider a CH-foliated surface (M, F ). Let
be a finite composition of combinatorial blowing-ups. We have that (M, F ) is Newton non-degenerate at a given point p ∈ |M | if and only if (M ′ , F ′ ) is Newton non-degenerate at each point q ∈ π −1 (p).
Equivalence statement
This subsection is devoted to prove the following result:
Theorem 3. A complex hyperbolic foliated surface (M, F ) is Newton non-degenerate if and only if it is of weak toric type.
Let us do the proof at each point p ∈ |M |. 2. e p (E) = 2. Assume that (M, F ) is of weak toric type at p. This means that there is a finite composition of combinatorial blowing-ups π : (M ′ , F ′ ) → (M, F ), such that each q ∈ π −1 (p) is a presimple point. As a consequence, by definition (M ′ , F ′ ) is Newton non-degenerate for every q ∈ π −1 (p). As a result of Corollary 4, we obtain that (M, F ) is Newton non-degenerate at p. Conversely, assume that (M, F ) is Newton non-degenerate at p. Let us perform the combinatorial blowing-up π :
is Newton non-degenerate for each q ∈ π −1 (p) by the stability property stated in Proposition 2. As a consequence, the only non-presimple points q ∈ π −1 (p) satisfy e q (E ′ ) = 2. The situation repeats, since (M ′ , F ′ ) is again Newton non-degenerate at these points. This allow us to conclude that the minimal pre-reduction of singularities of (M, F ) p is combinatorial and thus (M, F ) is of weak toric type at p.
Non-degenerate Foliations on Projective Toric Surfaces
We recall the definition of projective toric surfaces and some results about their birational geometry. We introduce the homogeneous polygon ∆ h (F ) of a foliation F on the complex projective plane P 2 C and we prove that its area is zero, in the case of weak toric type complex hyperbolic foliations.
Birational geometry of toric ambient surfaces
The contents on this subsection can be essentially found at [6] .
A toric surface is an irreducible complex surface S containing a two-dimensional complex torus T ≃ (C * )
2
as a Zariski open subset, such that the action of T on itself extends to an algebraic action on S. The natural blowing-ups in the category of toric surfaces are the ones compatible with the torus action (equivariant). This happens if and only if the center of the blowing-up is an orbit. The union of the non-dense orbits of the torus action in a nonsingular toric surface S is a strong normal crossings divisor E S . We say that the pair (S, E S ) is a toric ambient surface. The points p ∈ |S| with e p (E S ) = 2 are exactly the closed orbits of the torus action. As a consequence, in the category of toric surfaces, the equivariant blowing-ups are exactly the combinatorial ones. Remark 21. In view of the fact that a nonsingular toric surface S gives in a natural way a toric ambient surface (S, E S ), we use the expression foliation F on S to make reference also to the foliated surface ((S, E S ), F ). 
The associated divisor is given by the three coordinate lines X 0 X 1 X 2 = 0. The standard affine example of nonsingular toric surface is C 2 . The torus action is given in coordinates (x 1 , x 2 ) by
The associated divisor is given by the coordinate lines x 1 x 2 = 0. When we refer to P 2 C or C 2 as toric surfaces, we implicitly assume the above actions and coordinates.
The following result concerns the birational geometry of projective toric surfaces.
Theorem 4 (See [6]). Given two nonsingular projective toric surfaces S and S
′ , there is a nonsingular projective toric surface S ′′ and two finite sequences of equivariant blowing-ups π :
Corollary 5.
A given nonsingular projective toric surface S is obtained from the toric surface P 2 C by a finite sequence P 2 C → S of combinatorial blowing-ups and blowing-downs. Proof. Take S ′ = P 2 C in Theorem 4.
Newton non-degenerate foliations on P 2 C
The aim of this subsection is to prove the following statement:
Proposition 3. The homogeneous polygon ∆ h (F ) of a CH-Newton non-degenerate foliation F on P 2 C is a segment or a single point.
Foliations on the projective plane
Before doing the proof, we recall basic definitions of foliations on the projective plane (see [5] ) and we introduce the notion of homogeneous polygon. A foliation F on P 2 C is given by a logarithmic homogeneous differential form
where the coefficients A i are homogeneous polynomials of the same degree d F , without common factor and such that A 0 + A 1 + A 2 = 0. We say that W is a homogeneous generator of F . If W ′ is another homogeneous generator of F , then W ′ = kW with k ∈ C * and conversely. Remark 22. The number d F does not coincide with the so-called degree of the foliation. For instance, if the divisor X 0 X 1 X 2 = 0 has no dicritical components, the foliation is given by the holomorphic form
without common factors in the coefficients. Hence, the foliation degree is equal to d F + 1. In a general way, the foliation degree is equal to d F + 1 − ǫ, where ǫ is the number of dicritical components of X 0 X 1 X 2 = 0.
Definition 9. The homogeneous polygon
Remark 23. Although ∆ h (F ) is contained in R 3 , the name "homogeneous polygon" is due to the fact that
We are interested in describing a foliation F of P 2 C in terms of affine charts. We read the complex projective plane P 
In particular, we have the affine polygons ∆(F i ) associated to the affine i-charts of F . The relationship between ∆ h (F ) and ∆(F i ) is given by ∆(
Let us describe now the relationship between the homogeneous polygon ∆ h (G) and the Newton polygons 
Proof of Proposition 3
Let F be a foliation of the projective plane P 2 C and let
us consider a side L of the homogeneous polygon ∆ h (F ).
We give a description of the support-restrictions A jL of A j to L as follows.
; σ i = k} for some i ∈ {0, 1, 2} and k ∈ Z ≥0 . We detail the case i = 0, the other ones are done in a similar way. The A jL are homogeneous polynomials of degree d of the form 
Remark 24. The cases above can be considered in a unified way by writing U = X 1 , V = X 2 when we are in the first one.
Lemma 9.
Let L be a side of ∆ h (F ) and let L i be the i-chart of L. The following assertions are equivalent:
For any index
Proof. Take notations as in Remark 24. Consider {i, j, k} = {0, 1, 2} and suppose that (a i jLi , a i kLi ) is degenerate, that is, they have a non-monomial common factor. Since
the factor comes from a common factor V − αU of A jL , A kL . As a consequence V − αU also divides A iL , since Proof. In view of Lemma 9, it is enough to prove that given a side L of ∆ h (F ), there is an index i ∈ {0, 1, 2} 
Proof of Proposition 3. Let us work in the 0-chart F 0 . In view of Lemma 10, we have that F 0 is in general position. As a consequence, given a side L 0 of ∆(F 0 ) = ∆(a 
has four sides where L 1 and L 2 are two of them. This contradicts the fact that
Thus, we have that ∆(F 0 ) is a segment or a single point and the same happens with ∆ h (F ).
Isolated Invariant Curves
The main goal of this section is to prove that the isolated invariant branches of Newton non-degenerate foliations on projective toric ambient surfaces have a global nature. We also give local and global results about the existence of isolated invariant branches in the weak toric type and in the toric type contexts.
Global nature of isolated invariant branches
The objective of this subsection is to prove the following result:
Theorem 5. The isolated invariant branches of a CH-Newton non-degenerate foliation on a projective toric surface extend to projective algebraic curves.
Since being Newton non-degenerate is equivalent to being of weak toric type in the complex hyperbolic frame, the previous result can be stated as follows:
"The isolated invariant branches of a CH-weak toric type foliation on a projective toric surface extend to projective algebraic curves".
Let F be a CH-Newton non-degenerate foliation on a projective toric surface S. In view of Theorem 4, there is a finite sequence of combinatorial blowing-ups and blowing-downs P 2 C → S. The transform F ′ of the foliation F by this sequence is a Newton non-degenerate foliation on P 2 C , by the stability property stated in Proposition 2. If we prove that all the isolated invariant branches of F ′ extend to projective algebraic curves, we have proved also that the property holds for F , because of the stability property of the isolated invariant branches stated in Proposition 1.
As a consequence, it is enough to prove the result when F is defined on P 
Case a).
There are no isolated invariant branches. Let us see it. A homogeneous generator W is given by
If λ 0 = 0, we have Sing(F , E) = Sing(F ) = {O 0 } and O 0 is a corner presimple singularity without isolated invariant branches through it.
If λ 0 λ 1 λ 2 = 0, we have Sing(F , E) = Sing(F ) = {O 0 , O 1 , O 2 }. All the singularities are presimple corners, so there are no isolated invariant branches through them.
Case b).
The only isolated invariant branches are contained in a finite family of lines through O 0 . Let us prove it. A homogeneous generator W of F is given by
where the A i are homogeneous of degree d. Let us consider the set P ΛF = {[0, 1, λ] ∈ P 2 C ; λ ∈ Λ F }, where Λ F = {λ ∈ C * ; A 0 (1, λ) = 0}. Note that:
The point O i ∈ Sing(F ) if and only if X j = 0 is invariant, for {i, j} = {1, 2}. In this case, it is a corner type presimple point and there are no isolated invariant branches through it.
A point P λ ∈ P ΛF is a trace type presimple singularity. The germ at P λ of the line ℓ λ = (X 2 − λX 1 = 0) is an invariant branch. By Lemma 3, there are no isolated branches through P λ different from (ℓ λ , P λ ).
The point O 0 is non-presimple and it belongs to the lines ℓ λ = (X 2 − λX 1 = 0). Let us prove that the isolated invariant branches at O 0 are among the germs (ℓ λ , O 0 ), with λ ∈ Λ F . Let us work in the affine 0-chart. A generator η 0 of F 0 is given by
The blowing-up at O 0 is determined, in the first chart, by the equations x 1. X 1 = 0, X 2 = 0 are not dicritical simultaneously.
The point O 0 ∈ Sing(F ) if and only if X 1 = 0, X 2 = 0 are both invariant. In this case, it is a corner type presimple singularity and there are no isolated invariant branches through it.
Let us consider the subset of C * given by Λ F = {λ ∈ C * ; (ãA 0 +dA 2 )(1, λ) = 0} and the closed curves
Xã 2 − λXd 0 = 0) with λ ∈ Λ F . Note that O 1 , O 2 belong to C λ and (C λ , O 1 ), (C λ , O 2 ) are invariant branches. Let us prove that the isolated invariant branches for F are among these ones. We do the proof at O 1 and a similar argument works at O 2 . To do it, let us work in the affine 1-chart. The point O 1 is a non-presimple point and a generator of F 1 adapted to D 1 is given by ((A 1 , D 1 ), F 1 ) has exactly one compact side, whose slope is −ã/d. In order to prove the result, we consider the composition
of the finite sequence of combinatorial blowing-ups that provides the minimal reduction of singularities of the cusp (x 
We make the following remarks:
) has exactly one compact side, which has slope −1. By Lemma 3, the strict transform of all the isolated invariant branches through O 1 passes through q. The, the problem is reduced to show that there are no isolated invariant branches at q different from (ℓ λ , q) with λ ∈ Λ F . This is done by similar computations to the ones in case b).
For each
Remark 25. The set Λ F is not empty. In fact, when ∆ h (F ) is in case b) it has d elements and when ∆ h (F ) is in case c) it has n elements. Let us prove the result for case b), the other case is done in a similar way, working after pre-reduction of singularities. We need to prove that A 0 has not multiple factors and also that X 1 , X 2 do not divide A 0 . Let X 2 − λX 1 be a multiple factor of A 0 . A local generator of F adapted to E P 2 C at P λ is given by
Hence P λ is a saddle-node, that is impossible since F is CH. Assume now that A 0 = X 1Ā0 . A local generator of F adapted to E P 2
C
at O 1 is given by
We conclude that O 1 is a saddle-node, that can not hold. Analogously X 2 does not divide A 0 .
Existence of isolated invariant branches
We present a local result of existence of isolated invariant branches for toric type foliated surfaces. To do it, we need the following stability statement:
Lemma 11. Let us consider a CH foliated surface (M, F ), a point p ∈ Sing(F , E) and a combinatorial blowing-up π : 
is a presimple singularity of corner type when p is a corner type presimple point. Now, we have to prove that p is a corner type presimple point assuming that each p
is a presimple of corner type. We distinguish two cases:
The blowing-up is non-dicritical. Given p ′ ∈ π −1 (p), we have that
where ν p ′ (F ′ ) denotes the algebraic multiplicity of F ′ at p ′ and µ p ′ (F ′ ) denotes the Milnor number (see [5] ). Consider the Noether type formula (see [4] )
Thus, we have 1 ≤ S p ≤ 2. If S p = 1, then ν p (F ) = 0 and e p (E inv ) = 1; this means that p is a regular point and F , E have normal crossings at p. If S p = 2, then ν p (F ) ∈ {0, 1} and e p (E inv ) = 2; thus, necessarily ν p (F ) = 1. Observe that we have ν p (F , E) = ν p (F ) + 1 − e p (E inv ) = 1 + 1 − 2 = 0, then p is a corner type presimple singularity for (M, F ). The blowing-up is dicritical. We necessarily have Sing(F ′ , E ′ ) = ∅, this means that p is singular, e p (E inv ) = 2 and there is a germ of vector field tangent to F whose linear part is the identity up to a factor (radial case). Then, p is a presimple corner type singularity.
Proposition 4. Assume that (M, F ) is of toric type at a point p ∈ Sing(F , E).
If p is not a presimple point of corner type, there is an isolated invariant branch (Γ, p) through it.
Proof. If e p (E) = 1, then p is necessarily a trace type simple singularity and there is only an isolated invariant branch through p, in view of Remark 10. When e p (E) = 2, we consider the composition π :
given by a finite sequence of combinatorial blowing-ups, that induces a reduction of singularities over p. As a result of Lemma 11, there is a trace type simple singularity p ′ ∈ π −1 (p) and an isolated invariant branch (
This proposition does not hold when (M, F ) is just of weak toric type at p: for instance, when e p (E) = 1 and the foliation is locally defined by the radial vector field. Nevertheless, when we work in a global way with weak toric type foliations on toric projective surfaces, we state in Proposition 5 a result of existence of isolated invariant branches.
Let F be a CH weak toric type foliation on P 2 C . We take notations as in Subsection 6.1, recalling, in particular the existence of the cases a), b) and c) for the homogeneous polygon ∆ h (F ).
Assume that ∆ h (F ) is not a single point. Consider λ ∈ Λ F and denote
We have that Y ∩ E = {P 1 , P 2 } and P 1 , P 2 are not presimple corner type points of Sing(F , E). Moreover, the germs (Y, P 1 ) and (Y, P 2 ) are irreducible branches: in case b) they are lines and in case c) they are cusps of types (d,d −ã) and (d,ã), respectively. Let
be a combinatorial pre-reduction of singularities and denote by Y ′ the strict transform of Y by π. We have that Proof. In case b), the eigenvalues of L ξ1 areĀ 0 (1, λ) and −A 2 (1, λ) ,
In case c), we start by considering the sequence of combinatorial blowing-ups that provides the minimal reduction of singularities of the cusp (Y, P 1 ). It is given in affine coordinates (u 1 , v 1 ) centered at p
A local generator of the transform of F adapted to the divisor (u 1 = 0) is given by
and the eigenvalues of L ξ1 are
Now, we consider the sequence of combinatorial blowing-ups obtained following the infinitely near points of the cusp (Y, P 2 ). It is given in affine coordinates (u 2 , v 2 ) centered at p
A local generator of the transform of F adapted to the divisor (u 2 = 0) is given by
and the eigenvalues of L ξ2 are
We have the relations
Remark 26. When F is of toric type, p Proposition 5. Let F be a weak toric type foliation on a projective toric surface S. Assume that there is a point p ∈ Sing(F , E) which is not presimple of corner type. We have that there is an isolated invariant branch (Γ, q) passing through some q ∈ Sing(F , E S ).
Proof. It is enough to do the proof when S = P 2 C , because of Lemma 11 and the stability of the isolated invariant branches by combinatorial blowing-ups and blowing-downs stated in Proposition 1. When the homogeneous polygon ∆ h (F ) has a single vertex, all the points in Sing(F , E P 2 C ) are presimple of corner type. As a consequence ∆ h (F ) is not a single vertex and it is in case b) or in case c). By Lemma 12, there is a trace type simple singularity q ′ after performing a pre-reduction of singularities that we denote by π. The (only) invariant branch (Y ′ , q ′ ) through q ′ provides an isolated invariant branch (Y, q) through q = π(q ′ ) ∈ Sing(F , E P 2 C ).
When we are in the toric type case, we can precise the above statement as follows:
Proposition 6. Let us consider a toric type foliation F on a projective toric surface S and an isolated invariant branch (Γ, p). Let Y be a projective algebraic curve extending (Γ, p). We have that any branch (Υ, q) ⊂ (Y, q) with q ∈ Y ∩ E is an isolated invariant branch.
Proof. It follows from Theorem 5 and Remark 26.
Rational First Integrals and Global Invariant Curves
We prove the following property for toric type foliations on projective toric surfaces: Either there are finitely many global invariant curves different from the divisor, all of them extending isolated invariant branches, or there are infinite many global invariant curves (there is rational first integral), but there are no isolated invariant branches. We say that an invariant branch (Γ, p) ⊂ (E, p) of a foliated surface (M, F ) is proper for (M, F ) when p ∈ E. This property is stable by combinatorial blowing-ups and blowing-downs. When (M, F ) is of weak toric type, all the isolated invariant branches are proper, since every singularity belongs to the divisor. Theorem 6. We have the following dichotomy for a toric type foliation F on a projective toric surface S: I) There is rational first integral and there are no isolated invariant branches. II) There is no rational first integral and every proper invariant branch extending to a projective algebraic curve is an isolated invariant branch.
It is enough to prove the dichotomy for the case S = P 2 C . Indeed, having rational first integral, being a projective algebraic curve, being invariant, proper and isolated are properties that have a good behaviour under blowing-ups and blowing-downs. Remark 27. Every global invariant curve Y not contained in the divisor extends at least a proper branch. To see it, just note that we have Y ∩ (X i = 0) = ∅, when S = P 2 C . Assume S = P 2 C . We distinguish between the cases a), b) and c) for the homogeneous polygon ∆ h (F ) and we take notations as in Subsection 6.1.
Case a).
There are no isolated invariant branches for F . We have two options:
• The points O 0 , O 1 , O 2 are all simple corners. The components of the divisor X i = 0 are invariant, for i = 0, 1, 2. Assume that there is a global invariant curve Y different from these ones. We have that Y cuts X 0 = 0 at singular points, that are necessarily O 1 or O 2 . This contradicts the fact that O 1 and O 2 are simple singularities. As a consequence, such a Y can not exist. In particular, there is no rational first integral for F and we are in situation II).
• One of the O i is presimple but non-simple, say O 0 . We have that
) is a rational first integral and we are in situation I).
Case b).
Let us see that situation II) holds. By Remark 26, we have that (ℓ λ , O 0 ), (ℓ λ , P λ ) are isolated invariant branches for every λ ∈ Λ F and they are the only ones. Then, it just remains to prove that a global invariant curve is either a component of the divisor or a line ℓ λ with λ ∈ Λ F . Let Y be a global irreducible invariant curve of degree r different from ℓ λ0 for some λ 0 ∈ Λ F . The curve Y intersects ℓ λ0 in r singular points (counted with multiplicity). They are necessarily O 0 or P λ0 and in fact, just O 0 , since P λ0 is a simple singularity. If Y is a line, it cuts transversally ℓ λ0 at O 0 and it intersects X 0 = 0 in a single singularity. As a consequence it is X 1 = 0, X 2 = 0 or a line ℓ λ with λ ∈ Λ F \ {λ 0 }. Otherwise, when r > 1, we have that Y and ℓ λ0 have the same tangent at O 0 . When we perform the blowing-up, we obtain three invariant branches passing through p 
Case c).
Let us prove that situation II) holds. Like in case b), the problem is reduced to show that a global invariant curve is either a component of the divisor or one of the curves C F λ = C λ with λ ∈ Λ F . We take the rational map ϕ : P This map is compatible with the torus action. A homogeneous generator W of F is given by
where the coefficients A i are homogeneous polynomials of degree n and A 0 + A 1 + A 2 = 0. We have that F is the pull-back by ϕ of a the toric type foliation G of P 
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